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The evolution Kortweg de-Vries (KdV) equation is derived using the 
reductive perturbation method for a system of un-magnetized collision-less 
plasma containing warm ions and electrons obeying the Boltzmann 
distribution. The Agrawal technique is used to convert the regular KdV 
equation to the space- time fractional KdV equation. The different effects of 
the space and time fractional parameter on the ion acoustic wave 
propagation for the system under consideration are studied. The application 
of our model might be of particular interest in some plasma environments, 
such as the ionosphere plasma. 
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INTRODUCTION 

The propagation of the ion acoustic waves (IAWs) (known as the weak 
frequency plasma density vibrations) in astrophysical plasma and laboratory has 
generated a lot of attention. Tonks and Langumir firstly predicted the existence of the 
IAWs [1], while Revans made the first experiment to observe these waves [2]. The 
nonlinear IAWs analysis was made firstly by Sagdeev [3], and observed in laboratory 
by Ikezi et al [4], but in plasma space was observed and described the solitary structure 
in magnetosphere by Viking and Frejo space craft, and the space and experimental 
observations have been hold in [5,6]. 
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In recent years, most studies of the nonlinear IAWs are leading to nonlinear 
waves such as solitons, super-solitons, shocks, double layers, rouge and so on. 
Mahmood et al [7] studied the propagation of the IAWs in a magnetized three 
components plasma consisting of ions, electrons, and positrons. They found that, the 
speed of the propagation soliton in magnetized plasma transformed to be sub-sonic 
wave. Suryanarayana et al [8] studied the propagation of IAWs in unmagnetized Argon 
plasma theoretically by using a small amplitude method, and experimentally by setting 
up an experiment. Paul et al [9] studied the nonlinear IAWs in a three components 
gravitating dusty plasma. The ion acoustic waves instability for three components 
unmagnetized collision-less plasma was studied by Ghosh and Banerjee by driving the 
so called nonlinear Schrodinger equation [10]. The ion acoustic (IA) shock waves had 
been investigated by Ferdousi et al [11]. The theoretical and experimental studies for 
the linear and nonlinear IAWs in plasma and dust plasma are considered by many 
authors [5,6,12-14].  

The ion-acoustic solitary wave is one of the fundamental nonlinear wave 
phenomena appearing in fluid dynamics [15] and plasma physics [16, 17]. There are 
different methods for studying nonlinear systems in plasma physics. Washimi and 
Taniti [18] were the first to use reductive perturbation method to study the propagation 
of a slow modulation of quasi-monochromatic waves through plasma. Then the 
attention has been focused by many authors, e.g. [19, 20]. The evolution of small but 
finite-amplitude solitary waves, studied by means of the Korteweg-de Vries (KdV) 
equation, is of considerable interest in plasma dynamics. 

The theory of derivatives of non-integer order [21, 22] goes back to Leibniz, 
Liouville, Riemann, Grunwald and Letnikov [23]. Derivatives and integrals of 
fractional order have found many applications in recent studies in mechanics and 
physics. Traditional Lagrangian and Hamiltonian mechanics cannot be used with 
nonconservative forces such as friction, dissipation, and dispersion. The most methods 
of classical mechanics deal with conservative systems, while almost all processes 
observed in the physical real world are non-conservative. It was shown that non-integer 
derivatives in the Lagrangian describe non-conservative forces. Riewe [24, 25] argued 
that the second-order derivative term in Euler-Lagrangian equation come from 
quadratic first derivative terms in Lagrangian and therefore the first-order derivative 
terms should come from quadratic half-order derivative terms in Lagrangian. 
Subsequently, he used fractional calculus to develop Lagrangian, Hamiltonian and 
other concepts of classical mechanics for nonconservative systems. Therefore, real 
world physical processes can be better modeled by fractional differential equations 
rather by integer-order differential equations [25]. 

In this paper a collision-less ionization-free unmagnetized plasma consisting of a 
mixture of warm-ions fluid and isothermal electrons are considered. The KdV equation 
obtained using the small- amplitude and reductive perturbation method, and Agrawal 
technique used to convert the KdV equation to the space- time fractional KdV 
(STFKdV) equation. The effect of space and time fractional parameters on structure 
(shape, width, height) of the envelope ion acoustic waves will be studied. This paper is 
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organized as: Section 2: The basic equations governing the plasma system under 
consideration, and the small-amplitude technique used to derive KdV equation. Section 
3: The derivation of the STFKdV equation, and finally results and discussion are 
presented in Section 4.  

BASIC EQUATIONS 
Consider collision-less ionization-free unmagnetized plasma consisting of a 

mixture of warm ions-fluid and isothermal electrons. The basic equations which 
describe the system in dimensionless variables, are represented by [17] 
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In the above equations ),( txn  and ),( txne  are the densities of ions and 
electrons, respectively; ),( txu  is the ions flow velocity, ),( txp  is the ions pressure, 

),( tx  is the electrostatic potential, x  is the space co-ordinate and t  is the time 
variable. 1/  ei TT  is the ratio of the ion temperature iT  to the electron 
temperature eT . All of these quantities are dimensionless and normalized in terms of 
the following characteristic quantities: ),( txn  and ),( txne  are normalized by the 
unperturbed electron density 0n , ),( txu  is normalized by the sound velocity 

ieB mTk ,  ),( txp  and ),( tx   are normalized by iBTkn0  and eTk eB / , 

respectively. t  and x  are normalized by the inverse of the plasma frequency 1
pi  

( ipi men 2
04  ) and the electron Debye length )4( 2

0enTk eBD   , 

respectively. Bk  is the Boltzmann's constant and im  is the mass of plasma ion.  

According to the general method of reductive perturbation theory [18], stretched 
variables are introduced as 
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where   represents the amplitude of the perturbation and   is a normalized phase 
velocity of the wave. All the physical quantities appeared in (1) are expanded as power 
series in   about their equilibrium values as: 
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The boundary conditions are imposed as  , 1 pnne , 0 u . 

Substitution of (2) and (3) into the system of equations (1) and equating the 
coefficients of like powers of  , leads to a set of equations. Eliminating the second 
order perturbed quantities ),(2 n , ),(2 u , ),(2 p  and ),(2  , a KdV equation 
for the first-order perturbed potential is obtained as: 
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where ),(1   is the field variable,   is a space coordinate in the propagation 
direction of the field, T ( ],0[ 0T ) is a time variable, A  and B are the nonlinear 
and dispersion coefficients, respectively which are mainly depend on the physical 
parameters of the plasma system under consideration.  
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In (4), ),(1   is the field variable,   is a space coordinate in the propagation 
direction of the field, T ( ],0[ 0T ) is a time variable, A  and B are the nonlinear 
and dispersion coefficients, respectively. 

Because most physical phenomena may be considered as non-conservative, so 
they can be described using fractional differential equations, so the KdV equation (4) 
converted to the space- time fractional KdV (STFKdV) equation in the next section. 

SPACE-TIME-FRACTIONAL KDV EQUATION  
FORMULATION 

The regular KdV equation (4) converted to the STFKdV equation by using the 
Agrawal technique [14,25 and 27] as following: 
The potential equation of the regular KdV equation is  

                            0),(),(),(),(    BVVAVV ,                  (6) 
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where ),(),( 1  V , and the subscripts denote the partial differentiation. The 
functional equation of the potential equation (6) can be represented by 

),(),(),(){,()( 21   VAVcVcVddVJ
TR

   

        )},(3 BVc ,                                                      (7) 

where 1c , 2c ,and 3c  are the Lagrangian multipliers, which determined by integrating 
equation (7) by parts where 0|||  RTR VVV  , applying the variation of this 
functional with respect to ),( V , and comparing the resultant equation with the 
potential equation (6) lead to. 
  13

2
2 cc  , 13 cc  , 

where 1c  is an arbitrary constant. The Lagrangian of the potential equation (6) is 
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Similarly, the Lagrangian of the time-space fractional of the KdV equation 
written in the form 
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where  , and  are the time and space fractional parameters respectively. In equation 
(9)  )],([),(  






 VDDVD JJJ   while the fractional derivative ),( 

 VDJ  is 
the modified Riemann-Liouville fractional derivative, which is defined by Jumarie [28-
32] as 
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By using these properties of Jumarie Riemann-Liouville (JRL) fractional 
derivative  
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leads to the STFKdV equation formulae as 
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To solve the STFKdV equation, the following transformation is introduced  
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where   is considered as an adjustment parameter in the power law transformation, 
and the following properties of JRL fractional derivative  
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This equation is the reduced KdV equation, which has the following solution. 
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Then the solution of the STFKdV equation (12) takes the following form 
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The different effects of the fractional parameters on the propagation of envelope wave 
are studied in the next section. 

RESULTS AND CONCLUSION 
For small but finite amplitude of ion-acoustic solitary waves in unmagnetized 

collision-less plasma consisting of warm ion-fluid and isothermal electrons, the 
Korteweg-de Vries equation is obtained using the reductive perturbation method [18]. 
The STFKdV equation has been derived using Agrawal’s method [14,25,27], where 
the Jumari definition for the fractional differentiation used [28-32].  

Our motivations are to study the effects of the ratio     of the ions temperature 
to the electrons temperature, adjustment parameter  , and the fractional order 
parameter  on the existence of solitary waves in warm plasma.  
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In Fig. 1, a profile of the solution of the STFKdV equation as a solitary pulse is 
obtained for two values of the fractional order  =1 and  5.0 , and the variation of 
envelope solitary wave with the fractional parameter in two and three dimensions 
shown in Fig. 2. This shows that the present system admits a solitary wave solution for 
any fractional order approximation, and as shown in Fig. 2a, the peak position 
changing with the variation in the fractional parameter. Fig. 3 shows that both the 
amplitude and the width of the solitary wave are mainly dependent on the fractional 
parameter, where as the fractional parameter increases the wave amplitude decreases 
and the wave width increases. The effects of the ratio     of the ions temperature to 
the electrons temperature, and adjustment parameter   are shown in Fig. 4. Here as 
 increases, the amplitude and width of the envelope soliton increases, while the width 
decreases and the amplitude increases as   increases. This feature leads to that the 
fractional differentiation can be used to modulate the electrostatic potential wave 
instead of adding a higher order dissipation term to the KdV equation. 
 

 
(a) 0.1  

 
(b) 5.0  

Figure 1. The electrostatic potential against the position   and time   
at 08.0 , 05.0  1 and at: (a) 0.1  and (b) 5.0 . 
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(a) 3D 

 
(b) 2D 

Figure 2. The electrostatic potential against the position   and fractional parameter   
at 08.0 , 05.0  and 1  in: (a) 3D and (b) 2D. 

 

 
(a) 

 
(b) 

Figure 3. The variation of both (a) the wave amplitude, and (b) the wave width via the 
fractional parameter  at 08.0 , 1  and 05.0 . 
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(a)  

 
(b) 

Figure 4. The electrostatic potential Φ against the position   at 5.0 , 1  and (a) at 
different values of , and 08.0 , (b) 05.0 , and at different values of . 

 
In summary, it has been found that the amplitude of the ion-acoustic waves as 

well as parametric regime where the solitons can exist is sensitive to the temperatures 
ratio, adjustment parameter of the transformation (13) and the fractional order  . 
Moreover, the fractional order plays a role of higher order perturbation theory in 
modulating the soliton shape. The application of our model might be particularly 
interesting in some plasma environments, such as the ionosphere plasma. Finally we 
believe that this work will be useful for future observations and studies on ionosphere 
plasma. 
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