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An improved semi-analytic approach to the barrier penetration probability is
developed in the frame work of the Wentzel-Kramers-Brillouin (WKB)
approximation. It is used to calculate the half-lives of alpha and cluster decays
of many radioactive nuclei. The validity of this approach is first tested against
the experimental data of 347 alpha emitters with 52 120Z  . Then cluster

decay half-lives of 304 nuclei for various isotopes with 87 96Z  are

calculated and compared with other recent studies. Results are found to be in a
good agreement in both cases, showing that our approach can predict both alpha
and cluster decay half lives with a good accuracy.

INTRODUCTION

Alpha decay is a process involving the emission of a Helium nucleus 4
2He by

unstable nuclei. It was the first type of radioactivity to be discovered. Geiger and Nutall
were the first to observe a systematic trend of the alpha decay half-lives with the decay
energy described by an empirical relation [1]. However, the explanation of alpha decay
phenomenon itself remained a source of confusion for classical physicists for quite some
time. The problem was solved later in 1928 independently by Gamow [2] and by Gurney
and Condon [3] as the first application of quantum mechanics to a nuclear physics
problem. However radioactive nuclei can also have a spontaneous emission of other
nucleons clusters heavier than an alpha particle but lighter than typical binary fission
fragments [4-7]. This phenomenon, as an intermediate process between alpha decay and
spontaneous fission, is known as cluster decay and it was first predicted theoretically in

1980 by Sandulescu, Poenaru and Greiner [8, 9]. Later in 1984, the emission of 14C

cluster from the parent nucleus 223Ra was confirmed experimentally by Rose and Jones
in a huge background of alpha particles [4-10]. After this discovery intense experimental
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research led to the detection of the emission of even heavier clusters than 14C up to 34Si
from various radioactive nuclei in the trans-lead region [4, 8, 11-15]. In all these cluster
detection events either alpha decay or spontaneous fission was found to be the dominant
decay mode. Usually cluster emission was noticed to be less probable especially in the
super-heavy nuclei region [8]. The low probability of cluster decay questioned its
significance until Poenaru et. al. showed the possibility of finding cases in which cluster
decay can compete with alpha decay particularly in the super-heavy nuclei region
[8,16,17].

Cluster decay as an intermediate process between alpha decay and spontaneous fission,
could be explained theoretically by two different approaches [4-22]. The first approach is
based on the spontaneous fission theory, where the cluster is formed gradually as the
parent nucleus goes through a sequence of geometrical deformations until reaching the
secession configuration. The second one is similar to the alpha decay process, where the
cluster is preformed in the decaying parent nucleus with a certain probability and then
penetrates through the potential barrier [4, 23-27]. In this case, the parent nucleus can be
considered as a two body system consisting of the cluster interacting with the daughter
nucleus. The total interaction potential of the cluster-core system, includes the attractive
nuclear and the repulsive Coulomb potentials plus the centrifugal potential [4, 28]. A lot
of empirical formulas and theoretical models have been developed to reproduce the
experimental data for alpha and cluster decays [27-41]. Based on our previous work [28],
we improved our theoretical model to evaluate both alpha and cluster decay half-lives. A
very good agreement with the experimental data is achieved for alpha decay calculations
even in the super heavy region. On the other hand our cluster decay calculations are
mainly compared with recent studies [8, 22] as there is no enough experimental data to
compare with. A very good agreement with these studies is also achieved. The paper is
organized as follows. In Sec (2) we present the theoretical frame work used in our
calculations. In Sec (3) results of our calculations are given and compared with some
other studies. Finally, in Sec (4) we present the conclusion of our work.

THEORETICAL FRAMEWORK

The barrier penetration probability ( cP ), derived from the WKB approximation, is

given by the relation, [28, 29]
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E is the decay energy and  is the reduced mass given by,

.c d
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(2)

cM is the mass of the cluster and dM is the mass of the daughter nucleus. inR and outR
are the inner and outer classical turning points determined by the relation,
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    .T in T outV R V R E  (3)

The potential barrier ( )V R in the region from inR to outR usually consists of three parts,

( ) ( ) ( ) ( ),T N CV R V R V R V R    (4)

where ( )NV R is the nuclear potential, ( )CV R is the Coulomb potential and ( )V R is the

centrifugal potential. For the nuclear potential, the Woods-Saxon formula is adopted,
[28-31]
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Where 0V is the nuclear potential strength [28] given by,
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The diffuseness parameter 0a is taken to be 0.49290 fm [28, 29], dA and dZ are the mass

and charge numbers of the daughter nucleus respectively. To calculate the effective
radius of nuclear potential mR , we propose the following empirical formula,

1/3 2/3 2/31.5268 1.067 2 0.5 .m d d d dR A A Z A     (7)

The Coulomb potential is taken as [28, 29],
2
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where cZ is the charge number of the emitted cluster. For the centrifugal potential, the

Langer modified centrifugal barrier is adopted [31],
22
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where  is the angular momentum quantum number carried by the emitted cluster.
Rewriting Eq (1) as

1 2ln ,cP X X   (10)

where
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BR is the position of the barrier height given by the following formula, [28]
1/31.1157 3.7998,B dR A  (13)

Let us define VR to be in the region B V outR R R  , beyond which the nuclear and

centrifugal potentials can be ignored [28, 29] ,
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If VR is close enough to BR that the Coulomb potential does not change much in

comparison with the nuclear and the centrifugal potentials [29] then,
( ) ( ),C B V C BV R R R V R   (16)
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Thus we can rewrite Eq (10) as
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The parameter  is very hard to be calculated precisely from Eq (19) and get an exact
analytic formula. However, previous [28, 29] studies suggest that the first term in Eq (18)
is responsible of reproducing the correct correlation of the barrier penetrability with the
decay half-life. If this term is used alone to calculate the decay half-lives, it will give the
correct behavior but with over or under estimated values. This means that the parameter
 should have a constant value which was found to be dependent on the emitted cluster.
Therefore, we can easily determine different values of  by data fitting. On the other
hand, the integration in Eq (18) can be calculated analytically to give,

1
ln 2 arcsin 1 ,

2c BP KR


 


                   
(20)

where 2 /K E  and ( ) /C BV R E  .

RESULTS AND DISCUSSION

The alpha (cluster) decay half-life 1/2T is related to the decay width  by the

relation [29, 31],

1/2
ln2
,T 




(21)

( ) ( ),cS P E P E     (22)

where  is the assault frequency of the cluster on the barrier and cS is the spectroscopic

or preformation factor of the cluster inside the parent nucleus. The parameter cS  is
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calculated as in Refs () but with slight modification to account for cluster emission,

 1/6 19 16.1814 0.2988 10 .dA s     (23)

For all nuclei, the angular momentum quantum number  is zero for ground-state to
ground-state decays [8, 22]. In Table (2) and Figs (1 - 5), we refer to our calculated

10 1/2Log T values by (cal) and to the experimental ones by ( Exp ), where 1/2T values are

in the unit of second. The calculated data of Santhosh et al [8, 22], using Coulomb and
proximity potential model, are denoted by CPPM. Finally, the calculated data of
proximity 1988, Bass 1980 and Denisov 2002 models are denoted by Brox 88, Bass 80
and Denisov respectively.

Table 1. The emitted cluster mass number Ac , charge number Zc and the
corresponding Δ parameter values.

The deviation between our calculated decay half-lives from the reference data is
evaluated as

   10 1/2 10 1/2 .RefCal
i i
D log T log T  (24)

In case of alpha decay, 1/2
RefT refers to the experimental decay half-lives taken from Refs

(31, 33, 34). However, for cluster decay data, 1/2
RefT refers to the calculated decay half-

lives of CPPM, Brox 88, Bass 80 and Denisov taken from Refs (8, 22). The standard root

mean square deviation ( ) of the calculated half-lives ( 1/2
CalT ) from the reference ones (

1/2
RefT ) for n nuclei, is defined as [39],
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To test the validity of the our approach, first we used it to calculate the alpha decay half-
lives for a set of 347 alpha emitters with 52 120Z  including 153 even Z - even N
(ee), 77 (eo), 65 (oe) and 49 (oo) nuclei. This set was collected from Refs (31, 33, 34)
and compared with the corresponding experimental data. The  value of alpha decay
calculations is 0.5874 with respect to the experimental data. This is slightly better than
the achieved value of  in a previous work Ref (28) which was 0.6009. Clearly there is a
good agreement with experiment as we found that about 95% of the nuclei have 1iD 
confirming the prediction power of our approach for alpha decay half-lives. This
approach also works well in the super heavy region. Among those 347 alpha emitters
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there is a set of 95 super heavy nuclei with 100 100Z  for which the value of  is
0.7236. For comparison,  values given in Ref (39) for different improved semi
empirical formulas are 0.6438newf  , 0.9402semFIS  , 0.9657ASAF  and

0.8958UNIV  . These values of  was calculated for a set of 344 alpha emitters

consisting of 136 (ee), 84 (eo), 76 (oe) and 48 (oo) nuclei using the new formula (newF)
of Akrawy and Poenaru [39], the semi-empirical formula based on fission theory
(semFIS), the analytical super asymmetric fission (ASAF) model and the universal
formula (UNIV).

On the other hand, cluster decay calculations have been done using the same
approach for 304 radioactive nuclei collected from Refs (8, 22). In general, about 91% of
the nuclei have 1iD  . The collective  values, for our calculated half-lives in respect

to CPPM, Brox 88, Bass 80 and Denisov data, are 0.9796, 1.0089, 1.0114 and 1.0089
respectively. Unfortunately there is no enough experimental data available in Refs (8, 22)
for cluster decay half-lives to fairly compare our results with it. There are only 41 cluster
emitters shown in Table (2) where  values with respect to the experimental half-lives
are 2.654, 2.513, 2.299, 2.801 and 2.3844 for CPPM, Brox 88, Bass 80, Denisov and our
approach (Cal), respectively.
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Figure 1. Calculated alpha decay half-lives of Po, At, Rn, Fr, Ra, Ac, Th and Pa isotopes
for different values of daughter neutron number.
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Fig (1) shows the calculated alpha decay half-lives for different isotopes in comparison
with the experimental results. Figs (2 - 5) show the calculated cluster decay half-lives of
304 nuclei for different isotopes in comparison with the other four models. Clearly there
is a good agreement as our calculated data has almost the same behavior as the other
models have. All alpha and cluster decays that lead to the doubly magic daughter nucleus
208
82 Pb and the nearly doubly magic daughter nuclei 20680 Hg , 20781 Tl ,

209
83 Bi and 210

84 Po
have the lowest decay half-lives. It is also noticed that all daughter nuclei have the

neutron magic number 126dN  except for 204
80 Hg , 205

80 Hg , 207
82 Pbwhich have

124dN  , 125dN  and 125dN  respectively.

The minimum decay half-life corresponds to the maximum barrier penetration
probability. This confirms that the role of neutron shell closure is more crucial than
proton shell closure in both alpha and cluster decay processes. It is also noted that for

126dN  the decay half-life time decreases almost linearly with the increase of dN and

increases again for 126dN  . However, Figs (1 and 2e) shows that the decay half-life

time increases with the increase of dN for 117dN  then decrease for

117 126dN  and increases again for 126dN  .

Figures (3h) and (4e), i.e. 25 10Ne and 29
12Mg cluster emissions, show that the cluster

decay half-life time increases with the increase of dN for going from daughter nuclei

with even dN to the next one with odd dN and then decreases for going to next daughter

with even dN .  This correlates to the piercing changes in binding energy by going from a

nucleus with an even number of neutrons or protons, to its neighboring nuclei with an
odd number of nucleons. This behavior is known as odd-even staggering which is usually
imputed to the existence of nucleonic pairing correlations [22].
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Table 2. Comparison of experimental data with the calculated values of
Log10T1/2 for 41 cluster decays taken from Refs (8 and 22).
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Figure 2. Calculated decay half-lives for the emission of 14C, 15N, 23F and 18,20O
clusters from various isotopes for different values of daughter neutron number.
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Figure 3. Calculated decay half-lives for the emission of 18,20,22O clusters
from various isotopes for different values of daughter neutron number.
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Figure 4. Calculated decay half-lives for the emission of 28,29,30Mg clusters
from various isotopes for different values of daughter neutron number.



Proceedings of the 11th Conference on Nuclear and Particle Physics, 20-23 Oct. 2019,
Hurghada, Egypt

-61-

Figure 5. Calculated decay half-lives for the emission of 32,34Si clusters from
various isotopes for different values of daughter neutron number.

CONCLUSION

In this work we developed an improved analytic approach of the barrier
penetration probability in the frame work of the (WKB) approximation. The new analytic
barrier penetration formula was first used to calculate the alpha decay half-lives of 347
nuclei including 95 super heavy nuclei. The calculated alpha decay results are in a very
good agreement with the experimental data even in the super heavy region. Then it was
used to calculate the cluster decay half-lives of 304 nuclei. Calculations in Refs (8, 22)
are mainly built upon the proximity potential model which is a spontaneous fission-like
model. Yet these calculations agree very well with our simple alpha-like model based on
the WKB approximation. The low values of the cluster decay half-lives at daughter
neutron number 126dN  reveal the important role of neutron magicity. Since, this

corresponds to decays leading to a doubly magic or nearly doubly magic daughter, the
neutron shell closure importance is confirmed. Our analytic model is much simpler and
more straight forward in comparison with calculations of other studies. However, it can
be used to predict both alpha and cluster decay half-lives over a wide range of parent
nuclei mass numbers with acceptable accuracy.
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